



































































































The main I convergence result forthe cell problem steter as follows
Th Fix a pits and f RxR to its satisfying
it f is a Corethiodory function
ie t ER the map f 1 21 is a periodic

in't for a e xeR the mop fix it is convex
if thereexists eeRt n t 3Pe f x e c 2 a

and define the sequence Fe L o e Lo I eeRH

u If I a ly de if new as

to otherwise

Then thereexists Show R to to convex n t Fe I converges to

Flow L o d Io to

u Itthan a ly ok if new as

to otherwise

in the stonytopologyof L o 1 Moreover

ShowH mint f x Itu ki dx we w lastand u lol all

Rework Notethat bythe directmethod in Glc Vor thepreviousminimization
problemher alwayssolutions

Wehavealreadyshowedthat team21 legMn12 It alsoholdsthat

Shank fit 8 131
when

g 3 min 1 Itf x at a ki dx new P o T

i e it holds theasymptote homogenizationformula






































































































In this t dimensional are one can use a direit approach of I convergence
which is based on understanding at first who can be a candidateforthe
I limit and theirshow I convergence bydefinition
Unfortunately it will notbe possible in the n dimensionalcase me where

once needs to use on indirectapproach

Before proving the previoustheorem weneedthe following preliminary result

Lemme Let us Ue W Plo11 Jen satisfy u u in L 10,1 and let

E e Rt besuch that e so as I to

Then thereexists a sequence is EW o e s t

a ng U E W P o 1 fyeIN
b ng u in L lo I

4 best If II a'thatelite Ifl usMdx
when f psatisfythehypothesesoftheprevious theorem

Proof Fix yeW
P o e and assume that p o in at There let

us u flu a ne v f y truncation where fig min fig
Usain fug max f g
Not that is a

us a if Us u e if u us y

I Y if u a p t if u u z te
and in both cones is a eW loat tyen and let fallows
In particular when vs u u y it holdsbyconstruction that

O E U j Y L y

y e wi r fo d suppy e o id
Also b is satisfied Indeed by courtaction Upaft o

11 o all behaves like 11us all for sbigenough






































































































We conclude byshowing thevalidity of 1st
Devote E x1 xefo.at o x Ushl then andnoticethatby
construction E O as y to Then

Ifl ng't dx f ftp.ujtydxtfflg.rs't ok10,11 E E

I tantEs t
eftftp.ujyydxt f i at ng okand f o

20 feck lair Es

in Es ng u Iq Ef fly a ly dxtf i at a t y dx
thing E

Then the thesisfollows being 1 the't't Ip't E L 0,1 and E so my to

We are now in theposition to prove the previoustheorem

Proof t d periodic homogenization

Fix a sequence of indices 9 E Rt JEN s t Liege o Todirectlyprove
I convergence we show thevalidity ofthe limit and linesup inequalities
1 binsupinequality A Ue L 6.11 F u u fitouglyl in L le at it

binsup Fa as e Feu la or equivalently
2 At a

ft shiningFe late Fental Due L'last

Fix Ue w loat wa are allowedtodo so begboth Fe and Feat to

in L le al W o all
STEPS Assume that u is piecewise officer i e if we partition the

internal to s as o e V an a an with ago rent and engenth then
u 1

u x1 Max tgu U xe ten a an with mu queR






































































































Thus From at fam U 1 1 dx 1 team mu dx

We aim tobuild a recovery sequence it for u Weagain proceed in steps

1 Bydefinitionoffam keN thereexists one W P a a it

Sam mu f f x ma un txtdx
NB Wemay assume on a periodic KEN

2 FixKe a in xe en i e n we denote us x muttan E on JEN
4H

Notethat on is fastoscillating but if E 0 then e val 0

Therefore U U in L aka an ke 1 n

Define gH f t mutva t te R Note that g is a periodic by ii
and by aprevious lemma the sequence

g 11 g f mutual
weekly converges in L 10 t to its average

glad f x matoualldx femtmul
Therefore

Iii fly uicxldx l.it matwil ldx

1 g Hdx fiferoulmadx in W weak k y in

ReworkBy a and 21 the sequence u is a recovery sequence forU only insidethe
intervalsofthepartition in which u is affine

If we glue all the piecestogether itmaybe a lack ofcontinuity






































































































3 Forany eINand Ke 1 m we now define bi E In suchway
0 4 Q1 Qr 1

a bit 14
and we denote IN

mu an Es Na if e bites but
um if e at 1bn tes but Es

Thenby definition u E W 6,11 and u u strongly in L to.tl
Moreover

Fa list181 is dx li ftg.mutrilf1 dxt e fl u'lx1ldx

bi L 81 mutrili.lldxtcle.tt ie.in ig
and lint n en

21
La from U'Alldx from u dx From14






































































































STEP2 Let u eW o d be any possible function 10 01 2023

By theMeyers Serrintheorem thereexists a sequencefun E W o e s t

e Un is piecewiseaffine Kke IN

b Un u strongly in W loat

4 bySteps It shinty Fe IMuleFalun then

Then bythelowersemicontinuityofFe

H lie Ellul list It lie Fella
hintsFalun

limits fromlinkok

fennecRt Dominated

Itfromtu tildx Famtutsourth

Remark Thepreviousdensity argument isstillvalid if we replace Fa Fenn W with

F F X R CE X dense and Fe X

In this case it turn out to be sufficientto provethe linesupinequality

for u e C
2 limit inequality tu e L lo11V u u ptouglyl in L le at itholds

Flomtu thing Fa us or equivalently

Fetal e fi lying Fe lat tu e L loal

In thiscore we will use thefirststatement

Fix us Liloat and us e Llast rt U U strongly in L at

We now use a localization argument First remind that






































































































Sean21 this min I If ix tu til dx new lo ti asymptotichenformula

Localization Fix x e IR Te Rt anddenote

gtolet min I tflx ta til dx new xo.x.tt

Not that gto121
t t

fam z uniformly twint xd t

Withoutlossofgenerality assume that

leif Fa last to

thatin thereexists Cert n t up tosubsequences Fe us E C
Then by the definitionofFe ia e w lo s andby thegrowthcondition a

G Fe last I fly u'skids I f as hi dx lusty

Therefore notonly u u strongly in L at butalso

U U weakly in W t lo t upto e further subsequence

We now need a discretization argument we divide the internal lo a1 in

o

yat s

for a fixed me IN and Ke t n

Withoutlossof generality we assume that

us It u t g en aud t Refa n

Then by a previous lemme applied in the interval I KI

lying Fe lust is lying I fly usall dx a

Denote Zi I ulki ulk an fu Il us and consider thelines

usAt us x us k t z i x Ii forany x e Y I 1






































































































Byconstruction w e Wo I htt and

I fly ustil dx I fly w hit zildx

Changeofvariable Y is E É f S W 1st Zil d s

W 1st I I Wo E S
MET a

min E i f s W lsit zilds wewill itwiew l ME

and wi1stwile s
with in min me ÉS S W Isit zilds wewit

ME

Let tiny andtiny In gt zit

and so by A andAttn

limit Fe 14,1 Y'no hiring fly as til dx
J A to

K

is leif I g eat

I am ten zit
slopeoftheline wall

than lim all ok

when in txt Zn in theinterpolating line ofa in the paints K
x e km k 1

and in is also piecewise affine o

Thenhiring Fa tu I z Fearn in
t

Fhm lat being in strongly
IN the

convergent toa in w P o 111


