



































































































Fix u twaittry and consider

Fi L Ir to to

Fatal Fila ri
ft Mdx if Eiji
to otherwise

Then one can prove see e g DM Theorem21.11 that Fi rt t converges to
F L Ir To to
how

1 Fiat FYu.ms
r4l lolx if newish

bree how

to otherwise

Remark3 the limit y is independentof R meaning that

y IRMxRM Io too
This is a consequence ofthe last remark

Remark4 y is independentof X
Proof Wewent toapply the corollary ofthe representationtheorem Tothis aim weshow

Thet FamIUz Be lyll thanI uz Belal Hy ZERMFetRtn t BelylBetter
We onlyshow I beingtheoppositeconditionanalogous afterexchanging

theroles of yaud t

Il Fix y z e R and echt Bythe I convergencetheoremapplied to u o eW rt
thereexists a sequence un L'lol n t

Un o in L rt

1 1 a Fe luntuz Be yl Fha az Belyl
forany fixedzc.IR as k to

N B Withoutlossofgenerality we can assume anew P Belyll VkeIN






































































































Wuthenextend un o in R Be yl and with abuseofnotation we denote

an
u in Bely
o in r BelyI

Let Tu Tat Tal e Rn where

Yai s Zi Yi Eyn ti f m

Esn
Then The Z y aud th z y or Kito

Moreoverdevote on x Unix Eu VKent Then whew TatBelal I W Beal

and since wat u uz in L R1 on Kito byconstruction then
HAI Ferme I uz Be 1211 E finitely Fes truth Beal

NotethatFentontug tutBelyll
eat f I gu truth oh

eatBely
f I gu anti cult dx

C V X x en hey f II Unlit ok

f is periodic
rely
ft ga dat ok

Es fautuz Belyl Featuz Belal
Therefore by 1 1

Few ez Be121 E licitly Fe ontuz Belal

E lying Fey ton tu Ent Belyl Fog onthe Belt Tut B 191

hiniflatble lime
puny

t thou143Beyl thesupFe a font42 Bert IEatBelynunto

cfettgtsly.ligrowthaudition t than1431Be1411 MY
ByantentBelfnous to






































































































Corollary Fha ul I y f u tildx with q IRM Iotoolconvexandcontinuous

Weconclude thistopic providing a characterizationofy for p t and in theunitary
cube Q o 11 as a consequenceof our results
First by the Jensen's inequality y is conned weget

y121 E f g I z t awildx t u e c a tieRn thydensity Kaew all

4121 min la e Kt uhitdx we w lat

Total
Byremade fine if Fe tutus al new lat p t equicoercivityl
2 pat

hit if I f f lg until dx new lat
C V

In Tu

In y hit if fun
tn
fly digit31 de w I lo tail

ily tinuIsn't
Prop Noproof The following limitexists

fig if I ftp.ynflx.lt ualldx new l lot in

and so y kl fig if I tuf f last uhitdx new l lot in ta

Theprevious formula in called Asymptotichomogenizationformula in accordingwith

the a dimensional ease

Remark Rewindthat the I limit is unique in particular it does notdepend on

thestarting sequence

Therefore bythe Uryshou property one can extendtheresult tothe

wholefamily in accordingwith thenext find statement






































































































Th Perrodinhomogenization in anydimension mt
Let Me Rn beopen and bounded let se pi to and let f IRIRm fo.to

satisfy

if f in B measurable

int f in periodic meaningthat fixtei 21 fix I fit in

iiit growthcondition thereexists c e Rtn t

3 t fix e i let13 l e e x tRmtheR
Moreover consider the sequence offunit oneh Fe War Irl o tol

u 1 f lg ulok

Then thereexists y IRM to to convex andcontinuous and rude that
leap to subequenant Fe I converges to Fear in thestony topologyof L rt
and Feowlul 41 uldx the w lol

Moreover y notifies the asymptotichomogenization formula

Remark An in dimension net it alsoholds the all formula

4121 min f fix it adds atWI lo 114

where WII loat us W'd Rn n t u txtet un ti e m e e x






































































































21 Phasetransitionmodels theCohn Hilliardmodeland the 25 01 2023

Modiee Martoktheorem

ClassicalModel n 3

1 Consider a container filledwith 2 immiscibleand incompressiblefluids
example oil and water twodifferentphasesofthe same fluid like ice

and water at o

2 In theclassicaltheoryof phone transitions it in assumed that et equilibrium
thetwoliquids arrange themselves in order to minimize the area ofthe
interface whichseparates the two phases

Rework We are neglecting any possibleinteractionofthefluidswiththewellof
thecontainer and theeffortofgravity

Wewould liketomodeltheprevious situationby means ofmathematics
Let r e IR be open bounded and regularenough no thecontainer

Let u I o e vs everypossible configurationofthesystem where
u o setoccupiedbythefirstfluid
u t setorupiedbythesecondfluid

Denote Su thesingularsetof u setofdiscontinuity pointsof u which is the

interfacebetweenthe two fluids

By41 theinterface Su is a minimalsurface

At






































































































Denotevol121 the volumeofthecontainerThen the space ofadmissible

configurations in

u r at fruit ax It

when V in thetotalvolume ofthe second fluid a t o c V volts
CLa re We postulate that theequilibriumconfiguration is obtainedbyminimizing

thesurfaceenergydistributed onSu and definedon

F ul TH ISu with a admissible configuration

Here r is calledthesurfacetensionbetweenthetwo fluidsand th Jul
is the 2D Hausdorff measure of the interface Su

VanderWell Cola HilliardModel

Assume that the transition is notgivenby a separatinginterfacebut in rather
a continuous phenomenon occurring in a thin layer whichis identified on a

mecroscopi level withtheinterface
Rework Inthissecond can we allow for a finemixtureofthe fluids

Mathematicallyspeaking

Let u I o e denote the averagevolumedensityofthesecondfluid
at any point X E r

Example u Ix to D onlythefirstfluid at x

u txt I both liquids withthe same rate
utxt t isonlythe second fluid

Thespaceofadmissibleconfigurations thenbecomes
u r to a Lundx V






































































































Thistheoryalsoconsiderthe so calleddouble well potential W IR to to

whichis a continuous and non convex fruition with two local minimizer

rr
Remark Upto considering Wtxt textbl and upto translation and ratings we

can assume that thelocal minimizer satisfy
2 0 B 1

What WIpl o
WH

This new theory aliento minimize theenergy
E la WI u lil dx a admissibleconfiguration

Notethat E attends it minime in configurations oftheform
an ta la to if I e a

whereAnetofusthe volumeconstraint A V 1Ashouldbe a measurableset
Remark How can we minimize E Remindthat in particular W is non convex

Idea IDaGiorgi Modica Mortolet Fix E ERt smell and considerthesequence

Eatul s f W u int dx E f un ok Ue wt 2 fr
and use I convergence






































































































Remark E is well defined whenever u a W ti Ir
Note that the term I a olx on to regularize thestarting

energy Ela in the sun that by continuity anyadmissible configuration
u is notallowed to jump between thewolves u o and a 1

For this reason we talk about phase transition instead of
phase separation

E e Rt represents instead the thickness ofthe interface in the following
sense

th
Remark Considering functionals F Iclassicalmodel and E Cohn Hilliard is there

a convention between road W al
Let m t I Iebl with a cb ee Rt we W labl and let

s c t satisfy n th e la bl Then I

i 4 What a win y d É
t kiBer

2ftWhat s'll dx
Wewill study

soon
I 2 WHATNix dxthisfunctioned with

di'tall
Nhl F Like 2 Ii Twit at

Thequantity 2 15,4 It at is a lowerboundof theenergeticcostsof a
tousition between vint andv14 For v61 o aud v14 1 tonvicevenel we

theget tin dimensional
2ft Edt r


