



































































































Example Let X R and let F I Rapy and 07.11.2024

I Rya
g x
for any JEIN

I 4

trailhead
G t.tt

WWW
I I II

We wantto find a F limit candidate forboth sequences F and G we

workonly with the first sequence being theothercase analogous
Let us fix an arbitrary point x ̅ c R and look for a lowerboundfor F
in a neighbourhood of x
It can be for instance any costant function less or equal than 0
in this way condition it is satisfied

To ensure the validityof condition in for Iii't we take the greatestlower

bound forFs i e F 0

Let us their show that conditions itandtie't aresatisfied

it trivial
till wehave to find a recoverysequence for any fixedpoint x ̅ER
Let x ̅ I forany JEN when I smallestintegers






































































































Then if I e Z and by density x x as to

x ̅ otherwise

and Eg Xs sin 3 sin KT 0 FIX l xe̅R JEN
Consider more H x F x G K 1 xeR byeN andobserve that

Etb H F H 1 0 F G

ReworkWithoutfurtherassumptions if Fs and G I converge toFondGthen

fling G leg Fs tile's

There is in any case stability w.at continuous perturbations

Th Let X ol be a metric space and let F F G X Rsatisfy
i F F

ii G is continuous in X w n t the metric d
Then F G F F G provided F G is well defined

Prove the previous result






































































































3 A comparisonofconvergences in thissection wealwaysassume equippedwith a metrical

All theother convergences can beexpressed in the languageof F convergence
Def Pointwiseconvergence Let F F X R and fixxe̅X Wesaythat

Eg pointwise converges to F in x ̅ if figs x ̅ F X i e

so NEN sit Fy x ̅ F El LE N

Wethen saythat Eg pointwise converges to F if ithappens x ̅ IR

Def Uniform convergence Wesaythat F uniformly converges to F in anysubset

IEX F IF inshort if the sequence yup F F convergesto 0 i e

Vaso NAN n t F 1 1 F x CE JIN xeI

Remark If F In F then Eg pointwise convergesto F in I

Q Howdoes F convergence behave w.at pointwiseand uniform convergence

Example Let F X Rbe any arbitrarysequence and let F F zeN
Observe that if F is not lowersemicontimous then

B F F F

In fact condition it fails fix any x ̅ E X and X x ̅ in X Then

F
F F F x lying F 1 1 leg SFIX

Prop F F F if and only if F is lower semications

Provethe proposition

Theprevious propositiontells that I convergenceandpointwise convergence are
not comparable

Prop Fix I opensubsetof X and let F I F If F is lowersemicontinuous

theer F
F
F in I






































































































Proof Ii Fix us I and u u inX Since I is open use I bigenough

and Fs us F ust seep Fo F 0 byhypothesis
Therefore

lying F as beef F u I u

ii ueI let us a e IN Then fee F last Flat

Rework The lower semicantimity assumption is not accidental
We will see that any 1 limit F is always a lower
semicantinuous funitional in some sense it was build

for attend minima and so this is a consequence of the
DirestMethods in Calculus ofvariations

We now provide the mostimportant result concerning 1 convergence due

to De Giorgi and Frantoni

Th Fundamental theorem of 1 convergence weak formulation
Let X ol be a metric space and let E F X R satisfy
i F F F F coercive Fymildlycoercive

in Fs is mildly coercive i e KEX compact K sit

if F if F N K is independentof

Their If thereexists my
F

21 thereexists lie if I my F
3 if us X is a relativelycompactsequence satisfying

leg 5 Us fee if Fs strongly convergent
upto subsequences

then by as c ueX Flu min F






































































































Remark As a consequence of the fundamental theoremof1 convergence

if Fo lus my F JEN and ueX it I a int
then F ut my F Unfortunately the viceverse is wrongF1Example Let IR and let F x tyeIN I
One can easily show that Fa

o x

Eg F 0 which has an infinitenumberofminimizers
If we consider any minimizer for F differentfrom 0

we cannot find a sequence X X 0 satisfying

FolXs my F zeN
The 1 convergence acts as a selectionprocess of minima











































































































































































































Remark

Note that the I limit F has minimum since it inheritscoercivityfrom the

equi coercivity of F

In the previous proof we constructedby hand the minimizer u

Theprevioustheoremguaranteesthe convergenceof global minima Note

that in general I convergence does not guaranteetheconvergence of
local minima
Example Let X R and let 5 I I m y

JEN

One can prove that sinby
I

I and since x'is continuous

in IR then Fy X 1 by previous theorems
It is then clear the presence of issue at a local level being
the parable Fly x I approximatedby an oscillating

sequence
Thisexampleshownalsothat

Lyft theequi coercivity is necessary
everythingworksfineinfo I

Example Let 5 I R
eye

and Gs Rt Rt e 3 2 Je N

Ax

x

Show that F
I if ER do while g

I
o

I if x o

What can we sayaboutthepointwiseseeduniform convergences






































































































Theprevious example shows that the I limit of a sequenceofcontinuous
functionals can be only lower semicontinuous it in not possible e g
fortheuniform convergence

Moreover the I limit ofthe sequenceofantisymmetric functionsdiffer
from the I limit of the starting sequence
Prop The I limit is unique if it exists
Proof Let F F G X R satisfy

i F
I

F rel F
I

G

Fix Ue X and u a recoverysequence for u w rt F Then

lol F ul thing F lust I lien if F la l Glut
Into

Aualougusly let us be a recovery sequence for a w rt G Then

led Gluttitling F lo it Flat

By lot and 1601 F ul G u and the result followsby the
arbitrariness of u

Example Let F f
Fa if T is even

53 if I in add
where

Fgm
if 1931

I y
if 10,31

1 if x f 2 if x f
linearneedcontinuous elsewhere linearneedcontinuous elsewhere

There F cannot I converge otherwisethere willbetwolimits

I
if x o

e if yo
tFa

if
o is

2 if X o

t

2






































































































4 A localcharacterizationof the I limit
Afterdefining a criterionforP convergence til till we want toprovide a local
characterizationof the 1 limits w r t theterms ofany sequence F

Def Let X d be a metricspace letE X IRand fixueX We define
E a inf be F lust u u in X

E u inf leap Flush u u in X

Note thatboth F and I figsupF always exist and satisfy

F Es

Th Let Xol be a metricspace and let F F X R JAN Their

13 F FA F F F

Proof Assume that F F.Fix eXandanyusuinX.Then
Flu lyingFoUst andsince itholds forany convergingsequence then

Flu E u

Let now u be a recoverysequence for F satisfying us DThen

A Fo u It limsup F g É Flat
By 11 and we getthethesis

3

Assume that F F F and fixueXThen

forany so there exists a sequence us such that

limsupBlust F ul E Flu e andbythearbitrarinessofEli holds37 too

Then thethesisis achievedsince

F u I limit F a It limit Focus as a inX


