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In thenext lines we assume forsimplicity to be in a metric setting

In fact once we work in metri spaces thetopology can bedescribed

through sequences

Let X ol be a metric space and consider a given functional
F X R We aim to solve the following minimum problem

min Flat net

Def A sequence us EX is called a minimizing sequence for F if

line F Us inf Flat ask 00

firstrequest secondrequest

Remarks 11 In general the sequence us may not convergeto a limit ueX
2 Wework with the infinum become it always exists while
in general the minimum not

3 Since is a metric space thereexists always a sequence
has satisfying

147 last inf Flat net
but in general this limit can be not a finite number

Q Under which conditions a minimizing sequence dy X converger
to a limit ne X






































































































I We can focus on two differentcases

CASE1 We can work on coupe it sets In feat in a metricsetting
the compactness of the set X or of a subset k containing
the sequence us I would be equivalentto the conditionof
sequential expertness any sequence in X her e convergent
subsequence

Q Let u E X TeX and us ne Us and assume that

u u in X forsimplicity Usn is relabeled us

Under which conditions if us is a minimizing sequence for F
F u I int Flu a ex

Flying Us fit t 141

A Note that if I 141 uex I I Cal is always satisfied but
the condition F is I inf F ul at X may fail

Example Assume X IR endowed with the Euclideanmetric and consider

F R R and x It

x
X x a As

1 X L

FAI

1






































































































Ex Sham tht x is a minimizing sequencefor I but it
does not

converge to the minimizer of F

Ex Consider F R IR and study its criticalpoints

X y e
t

Show that J is a minimizing sequence thatdoesnotconverge in R

Def Let u e X converge Iup to subsequences1 to TeX and let
F X R We say that I is sequentially1 lower semicontinuous if

I tut s fining F lust

The propertyof lower semicontinuity can be generalized tothe setting
of topologicalspaces as follows

Def Let X Y be a topologicalspace and let F X R

We say that F is lower semicontinuous on X if Axe X
F Me lying Flat fufu if F y

orequivalently setofall neighbourhoods ofx

if t t FA1 F Ue UH a t Fy e V F ly s t

Bydefinition it follows immediately that the topological lower semicontinuity
impliesthe sequential one
The converse is true if X satisfies the first axiom ofcountability
Every neighbourhoodofany x eXcontain a neighbourhoodfrom a countable

family AxeX F Ni weUtxt s t U N e U x1 F ie N n t Nie N

Remark Everymetric space is first countable






































































































Let us provide a counterexample of a sequentially lower semicontinuous
functional that is not topologically lower semicontinuous

Example Let I be a bounded opensubsetof IR with net and define
C r u r R smooth withcontinuousderivatives

of any order
C At u e c r supp ful is compact where

supp at x er uld to

L R u r R measurable s t fundx c o which is

a Boned spaceendowed with the noun

Hull fu la dx ne E rt

H lol W R1 at L R Da e L rt where Da is the

weak derivative of u meaning that

ID a ix on dx fault o til dx tire lift
H RI is still an infinite dimensionedBanachspace endowed

with the mom

pally hi Ilall at IlDaley i UE tf lol

H r w a Y e at

To provide a counterexample we must work in a setting in which the

first axiom ofcountability is not satisfied Wethen considerthespace
HI Irl with the weak topology Tween r 1HI H
Weremind that the week topology on H r is the cheapest topology

on H 121forwhich any collection ofmaps Fifi with

Fie H Ir I G H Ir R linear and bounded is continuous






































































































Prop at H 2 a o Fe Fee H 152 the set
ueH 121 Filu a LE Vie e k is a neighbourhood

of w̅ forthe weektopology 2week
if nekLet K u e H 121 Hullapp t and let tintal if xett.cat k

bethe indicatorfunction To conclude we showthat It issequentially lower
semicontinuous but not topologicallylower semi continuous bymeansofthe
following result

Prop Ily is seq lowersemicontinuous ifandonly if K is seq closed
a We firstshowthat K is sequentially closed let us K Eweant

we now considerthesubspecetopology suchthat u a weakly in H 81

Weshow that we K by proving tht Hullap 1 It is a consequence

ofthefollowing well known result
Th Rellich Kondrachar Thespace H 111compactly embeds into L R1 meaning
that any boundedsequence in H 121 strongly converges in L 1521 up
to a subsequence

Then u a strongly in 1 121 and so 1144am fee411221,71

b We finallyshow that K is not closed w.it I weah

Fix u o e H 21 K andconsider a neighbourhoodof a seethepropositionabove

V ueH R Fila a a tithek

forany so and Fe E E H 821

Toconclude we show that Vnk meaningthat u o e k
week the

closure of K w.at the weaktopology

Since HE1521 is an infinitedimensionalBenachspacethenEaker Fi 40






































































































Otherwise H 121 PE al al
injective

and so H R wouldbe finitedimensional

Then thereexists a e f Ker Fit a t u 0 Up

Noticealso that thereexists test such tht

Italian thallen 21

Therefore the Unk and Unk 0

Remark If Us is a minimizing sequence thenglyFlast exists
and so the lower semicontinuity of F is equivalent to
Flu faint F last lie F Ust inf F ul a X

Th Weierstrass Let IX Txtbe a seat topologically compactspace and let

F X IR be seat lower semicantinuous

Then there exist min F ul us

CASE 2 Instead of asking a stronger condition on X we will see that
in many cases it will not be possible we can find an

equivalent compactness condition for the functional F
Def F X IR is topologically coercive if for any ter the sublevel

Fct utX Flat t

is relatively compact or precompect

To understand why the coercivity of F is relatedwith the
compactness of X we remind that in metric spaced it is equivalent
to the following condition






































































































Def F is sequentially coercive if any sequence u satisfying

self
F Ust too admits a converging subsequence in X

Rework If we work in normedspaces X 11.11 the coercivity of F
is equivalent to

ke F M

or equivalently cert sit Flat Hull a fue X

Th Tonelli Let XEx be a topolog space and let F X R be xp coercive

and seqI lower servicontinuous Then thereexists

min F al us

Proof Let us be a minimizing sequence for F satisfying

if F F lust if F KOEN

Then denoted t inf F 1 us Fat

relativelycompact
and so thereexists a subsequence

4 us convergent to TeX

Moreover lower sail

if F Flat Gif F last lie F lust inf F

propertiesof inf bus mice sequence

Def We define DirectMethod inthe calculusofvariations the procedure

Coercivity lower semicontinuity existenceof minimizers






































































































Remarks

1 Theproperties ofcompactness or coercivity and lower semicontinuity are
oppositerequirements For instance if we consider the sequential coercivityof
a given functional F X IR X topologicalspace then it is easier

tobeverified if we have many converging sequences while thesequential
lower semicontinuityofF is more easilysatisfied if we havefew converging
sequences Weshould then find an appropriatetopologyfor thatbalances

theseaspects it will bepartof theproblem in whatfollows
2 Note that neither the Weierstrass theorem nor the Tonelli theoremguarantee

the uniquenessofthe minimizer Moreover minF could be

If we move to the settingof topologicalvectorspaces wefind a sufficient
conditionfortheuniqueness ofthe minimizer and finitenessofthe minimum
Def We define X 2x a topologicalvestorspace T VS inshort if

a X Ext is a topological space

b X t t is a vector space over R or anytopological field K
c The vectorspace operations X xX X and RxX are

continuous

Examples Everynownedspaceis a topologicalmitorspace consideringthetopologyinduced

bythedistanceinducedbythe noun so alsoeveryBanach and Hilbertspace
Also spaces whose topology is notinducedby a norm can be T V S

Forinstance C SL D 121 s D 2

Def Let X be et VS We saythat I X IR is strictly convex if
xe̅X n.t.FI x ̅ too and F tx 1 t.ly t F x 1 t F y

forevery te 0 1 and forevery ye X 1 F x F y too






































































































Prop Let X be a T V S and let F X R bestrictlyconvex
Then Fhas atmostour minimizer in X

ProofBycontradiction assumes theexistence oftwodistinct global minienizers
u v eXs t.UA v Then

F ut F o mine F D

If we considerthepoint Y EX then by strictconvexity

F E F u F w mice F

and this yields a contradiction Therefore u v

2 The problem ofthe t convergence
SETING Metricspaces forsimplicity
We want to study the behaviourof a family requena of minimum
problems depending on a real parameter 0 or equivalently on a

discrete parameterJEN if we consider the real parameter the limit case
will be e o while in thediscretesetting J to

Note thatthecontinuous e and discretesettings31 arerelatedbythefollowingrule
to any family ofreal parameters EERT we associate a sequence E s t

Eg 0 on J D

Let X be a metricspace let F X R be a sequence of functionals
and consider the familyofproblems

inf F lal net JEN
AIM As increases we would like theseproblemstobeapproximatedby a

limit theory describedby a problemoftheform
min F u ueX






































































































The limit space shouldbe a metricspace largeenough to containanyspecsX
X EX zeN

In thisway
we don'thave to facethe problemofdefiningtheconvergence

of functional belonging to differentspaces
Without lossof generality we will then consider X X JEIN by
identifying any functional E X R with

Fs R

u
Flat if aet
to if weX XRemark if F inf F

Let them X d be a metric spaceand Fy X R and assume the
existence of a sequence of minimizers 4 X for Fg that is

Blust inf al u ex toeIN

Ly F lust infFI 0 1 1

Note that in general suchsequence may not exist
As in the case of onesingle problem we need a compactnesscondition that

ensures the convergence up to subsequences of us

Def Wesay that the funitionals F are equi coercive if
teR KEX compact sit F t K HE

The compact K depends only on t but not on

It Fs are equi coercive then thereexists a compactset ks.t.LU K

and bycompactness in this metrissetting it is equivalenttothesequential
compactness there exists a ex 1 t up to subsequences

Us U in X w r t themetric d






































































































We then ask under which hypotheses there exists a limit functional
F X R n t Flu my F
STEP 1 Lowerbound

First we want to obtain a lowerboundforthe limit behaviourof the
lining of the sequence F lust ofthe form

Flat leaf to last feet if F
Def We define 1 himinf inequality the following condition

ne X us EX sit 5 a in X F u beefFots

STEP 2 Upperbound

Next we want to obtain an upperbound forbinsup Fs Us oftheform

ftp.F Us if F EFflaystrue
By 1 this is equivalent to

beep if F F u faex

Note that thisrequirement is global ueX which isconvenienttolocalize

in a neighbourhoodof any point ueX as follows ue X 5 0

lies inf Fs v1 d u v as Flat

This last condition is stronger w r t the previous one and can be rephrase
in terms ofsequences as follows

Def We define F limsupinequality the followingcondition
ueX 45 EX i t 5 a in X 1 t F u ftp.F us






































































































CONCLUSIONS Giventhe sequence of functional F withFg X R Hyen

if we canfind a functional F X R and a converging

sequenceof minimizers us Us a suchthat the

lining inequality and the limsupinequality are satisfied then

FluttitliginIF.lu lying if Fosleep infetter if F F u

always
true

that is F u if F i e u is a minimizer of F
Then we deduce at the same time that

1 Existence the limitproblem min Flat u ex has a solution ueX

2 convergenceofthe minimum values

infFo myF
or to

3 Convergenceof the minimizers uptosubsequences the sequenceof minimizers
for F converges to a minimizer of F in X i e

U U in as to up to subsequences

Def Let IX allbe a metricspace and let Fs F X R JEN
Wesay that the sequence Fs I converges to F F F F inshort

with respect tothemetric d if
i F lininginequality ueX us a in Flu beef Fo Us
ii F limsup inequality Huex is a in sit F ut by p E vs
Remark Conditions i ii are equivalentto i it where

in 1 himequality a ex as u in X st F u glue 1051

Thesequence 49 is called recovery sequence Moreover itholds that
I convergence equi coerciveness convergence of minimum problems


