



































































































Remark The two previous results can beused incombination on follows
t E we extract a subsequence Fan e F which I converges

bythe previous theorem If we thenshow that the I limit is the
same for any subsequence then we inherit I convergefor35 by
the Uryshou property

Since in applications the fruition E Jen will oftendependon e continuous

parameter E e Rt we will needthe followingdefinition

Def Wesaythat Fa I converges to F if t 46 eRtn t E o

F I fig Fe

SecondPort References a b c e

1 Homogenizationofmultipleintegrals
Theobjectofhomogenizationtheory is the description ofthemacroscopicproperties

ofmedia with fine microstructures like composites fibermaterialsstratified
or porousmedia finitelydamagedmateriel materialswithcracks or holes

From a puremathematical pointof view we are goingto study the asymptotic

behaviouroffast oscillating integrals functionals oftheform
Fela f f I um dx

with r e IR open and bounded e eRt taelsfactor and f Rx IR Io too
periodic inthefirstvariable i e f x t l i fix I ti a i n t zeR e e x tr

s

periodic all






































































































IS therole a becomes very small thebehaviourofthematerialmay notbe

interesting and theproperties of themedium can bedescribedbyreplacingFe

by a homogenized integral
Frontal ftp.mlulxlldx

In real applications this can happenwhenwe consider a cellular non linearly
hyperelesticmaterial Here I representsthe referenceconfiguration ofthe body
a theside lengthoftheperiodic cell and F theelasticenergyofthematerial
subject to a displacement u

Weare goingtosee that the previous approximation willmakesense once we will provide

a sortofconvergencebetweenthe minimizer and mini me of the problems
mice Fatal u e X and min Female u X

The firststep in thistheoryconsists infinding a candidate forthe spaceX

Let s e IRn n z t beopen and bounded and let 1Ept too

Thefunctionalsetting we are interested in mustinvolvederivatives

Def WedefinetheSobolevspaces
Wt r s us L r Hullwe c too with Ilallwin

I llull t d ult
U Dau Dm u is called the weekgradient or distributionalgradient

W r c lol w

Remark Wi ore Banach npeas reflexiveandseparable ifp 1 x andHilbertiff p2
An importantresult concerningthe space W is or follows
Th Poincaré inequality If I is open and bounded thenthere exint c clp.nl on t

Hull s ell a la fue w R

Car Anequivalent noun in W P Irl is 11 Hip






































































































Thecasep o is quitedelicate becauseoftheabsenceofreflexivityWathenneed

Def Wesaythat

1 a u in E weak if
Lu rdx L u r dx tree r

2 U u in W d weak if
at U u in Laweek

bl u u in E week anycomponentoftheweakgradientconvergesto the
correspondingcomponent

Wealsoremindthefollowingcrucial result

Th Banach Alooglu Bourbaki

Originalstatement Foranytopological vector pea X E t 1withcontinuousdudspace
X F X IR linenandcontinuous thepolarofany
neighbourhood UoftheorigininX defined on

D F e X sup Flat et
UfU

is compact in the week topologyofX r IX X
Normedspaces If X 11.11 is a normedspaces theclosedunit ball in thecontinuous

dualspace X is campeat w r t theweak Atopology

Car Let u E W R bebounded i a F Ke Rtindependentofy a t

H U Il
wa

E K KJem
N B if p too Hullwe as

I lull th all essesup u t essesup a

r r
Then by the B A B theorem thereexist aerial and de IL th l s t

uptosubsequence
Us U in E weak

a d in E week
Moreover workingwithappropriatedtestfunctions one conshowthat of U






































































































Remark In whatfollows R eIR is openandbounded and I Epc to

We now needtoproperlydefinethedossofintegralfunctionals
F u If x u lil dx

Forthefunctional F tobe well defined we can requirethat

f R xRm Lo to is Borelmeasurable

and set F WAP R Lo to
beingcomposition

u 1 If lx U lildx ofB men Seenit
Remark Byhypotheses themop x I fix u lil nBo handnonnegative

Then fl all e L r and so F is well defined

Weaim to findnatural and non restrictiveassumptions for f thatguaranteethe
existenceof mirin forF bymeans oftheDirectMethods in thecalculusofvariations
Weneed to control the growthof f and we will assume theexistenceof cent

f x I
P

a e Xe r t ER

Thisfirstassumption is quite natural and guaranteesthecoercivityof F
In fact if us e W d R satisfies supFlu to then

as F us if f x u hi dx i ustxtPdx i 1 u I fyeIN
and so sup I ask too

We will see soon thatthenaturelspecsofdefinition of F will thesubsetofW
with zeroboundary w'd In thatsetting bythe Poincare inequality

sup I ask to say
11allwip

and if ptt weneedreflexivity atthispoint once we move that u is

bounded in W P thereexists a subsequence weaklyconvergent in thespace

NB Thepreviousargumentsuggests thatthenaturaltopology is theweakoneofW P
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Tobeable toapply theDirest Methods we alsoneed lower semicoutimity in this

topology Consideragainany pets to In thenextresultweshow that if
the integrand f in lower semicontinuous in theIvorieblet then F is l.sc

in the strong topology and if f in alsocower in the variable then the

lower semicontinuity holds in the weaktopology too

Th Let tepito and assume that f Rx Rm Io to satisfies

i f in Borel measurable

it for e e x e r the mop Rn o to is lower semicontinuous
fix

Then F W P R Lo to is lowersemicontinuous in W strong

u 1 If lx u lildx

If in addition

iiitfor e e x er the mop Rin Lo to is convex then
fix

F in lowersemicontinuous in W week

Proof Letus u cW r Irl satisfy u u strongly1 Wewanttoshowthat
Flute Guff F lust

Notethatif Gaius F lust too thenthe conclusion is trivial Weassume that
living F ludo to 7 us netu n t.fi yfFlusl liggFlual andj too

in particular that Guff F lust limitsFMul
Since u stronglyconverges to u in W Irl then byconstruction
A Usn n still stronglyconverges to u in w i'Irl
214 Usn strongly convergesto u in L rt bydefinitionl
314 Uuh converges e e to all ins upto a further subsequence


