








































































































































































































5 Relaxation lower semicontinuous envelope

In theprevioussections we showedthat
F F Open F F is lowersemicontinuous

However thesequence F has always a t limit and we nowwanttorepresentit

Def Let X Txt be a topologicalspace and let F X R
Wedefinetherelaxationof F orlower semicontinuousenvelope atnetthefutional

Flat sup Glut G is lower semicontinuous and GE F
Rework F is lower semicontinuous the supremumpreservesthelowersemicontinuity

Moreover F E F and F Z G for any G lower ranicontinuous n t.GE F
Notethat thedefinitionof F involvesthebehaviourof F in thewholespace X

Bymeans ofthetopology Tx we canhoweverprovide a localcharacterizationof F

Prop Let XTxt be a topologicalspace and let F X R Then

Flat Ipw info F lol

Prove theprevious proposition

Bythepreviousproposition it is clear thefollowingresult

Prop Let X Txt be a topologicalspace and let F X R Then

Fg F theN F

Proof Since F does notdepend on Fy F Hye N then tu e X

venial theft
to E tutI 5 Misawa legit If III sup

I1

Flat
Once we move back to thestrongersettingofmetricspaces the previousprosition
provides anothercharacterizationoftherelaxationof F in termsof sequences






































































































Prop Let it all be a metricspecsand let F X R Then

F ul min leaf F lust u u in X Vue X
Proof By the previous proposition taking F F toeIN then tu eX

Flat EllulÉ int tuffE last u u in X

EF if tuffF lust u u in X

Moreoverby I convergence the infimum is attained atleastforanyrecovery
sequence us satisfying tint or tie and then thethesiseasilyfollows

Thefollowingresult comperes I limit ofsequences interrelated

Prop Let X Txt be a topologicalspace and let F G X R satisfy

F E G HyeIN Then

F E G and F E G

In particular if F and G I converge to Fred G resp I then F E G
Moreover if H X IR is lower semicontinuous and H e G UseIN then

H E G E G
and so if 6 I converges to G then HEG

Notethatthepreviousproposition canbe improved if we comparethesequences
Fs and F Keeping in mind that F E F VyeINbydefinition
In this particularcase we obtain thisstrong result useful in theapplications

Prop Let IXTxtbe a topologicalspace and let Fg X R HyeIN Then

F F and F F

In particular

Fs I converges to F if and only if F I converges to F






































































































Provethetwopropositionsabove

Weconcludethissectionwiththe following applicationofthedirestmethodsin colivon

Th Let X E t be a topologicalspace and let F X R bemildlycoercive

i e thereexists KEX compact K 0 r t if F if F Then
1 thereexists min F u UEX

2
Min F if FX

3 U E ue X F ul minF ifandonly if thereexists a minimizingsequenceforF

us e X i.e Guy Flush if F suchthat u u in X

Proof Let F F for any JEN Then by previous results
F F F which is lowersemicontinuer

Thenbythe FundamentalTheoremof I convergence weget a oud a andoho

the implication of 31
We concludeshowingthe reverseimplication in 13

Fix a e u e X F ul minF Then by I convergence thereexists a recovery
sequence us e x such that u u in X and

fig Flustily F yl F u myF if F

Theconclusion follows bythe arbitrarinessof u






































































































7 I convergence by subsequences
The lastsection concerning thetheoreticalpart is devoted totwo important
result the Uryshanpropertyof I convergence and a compactnesstheorem

Beforestating and provingthese results wenotice as follows

Remark Let IX 7 1 be a topologicalspace and let F X R JEN

If En is a subsequence of F then

E E F limitE and I keepEn E
Moreover if F ILeft then For I convergesto F u n IN increasing

Proposition Uryshore propertyof I convergence
Let X Txt satisfy thefirstaxiomofcountability e gmetric

specs and let F F X R JEN Then
F I converges to F En F Fun Enk 1 t

By F as u too

Proof Notice that for any In IN increasing

F F Emt limitsE I ftp.E E F

Assume bycontradiction that
F F F i e at X sit

a Fo lull Flat or

b B a Flu
In thefirstcase there exists a sequence us X net u u in one

feint F Us Flat

Fsu Fs 1 t hey Fou Usa limit F Us

feet EonUsul






































































































Then I Egypta ul c F ul and we geta contradictionbytheRework

In thesecondcase thereexists V eWlul n t

fifth riff Fsln F u

Anbefore thereexists En n E E n E

FlaklysisFutsal ta if Inti hits info Into
and passingto thesupremum we get a contradictionbytheRework since

I legitEu al Flat

Theorem Let IX Tx satisfy thesecond axiomofcountability i.e there

exists a countablebasefor Tx Then every sequence F F X R

hor e I convergent subsequence

Proof Byhypotheses F B Um a countablehereofopensets ofEx
Fix me IN and considerthe sequence

inf F IN E R
N EUn

Since R iscompactthenthereexists F In E F such that

Atl fig info 5lol exists in R

A holds t ne N and by a diagonalargument we construct

Ere E En n t hey if Eu v exists t Ue B

Fix now at X and devote B ul f v e Br t ut U and
F u If by if Fone o feline Ene ul

Bythearbitrarinessof a we getthethesis


